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Method for Optimal Actuator and Sensor Placement
for Large Flexible Structures

K. B. Lim*
NASA Langley Research Center, Hampton, Virginia 23665

A method of finding the optimal sensor and actuator locations for the control of flexible structures is
presented. The method is based on the orthogonal projection of structural modes into the intersection subspace
of the controilable and observable subspaces corresponding to an actuator/sensor pair. The controllability and
observability grammians are then used to weight the projections to reflect the degrees of controllability and
observability. This method produces a three-dimensional design space wherein sets of optimal actuators and
sensors may be selected. A novel parameter is introduced that is potentially useful for studying the problem of
the number of actuators and sensors, in addition to their optimal locatipns.

Introduction

UPPOSE a specific number of actuators and sensors is

given and they are placed at specific locations on a flexible
structure such that the effectiveness of the chosen actuator
and sensor locations could be analyzed. If it turns out that the
a priori chosen number and locations for the actuators and
sensors are not sufficiently effective, the question naturally
arises as to how the locations could be changed to improve the
system. Furthermore, it is possible that the a priori number of
actuators and/or sensors used is insufficient or redundant.
Thus, there is clearly a need for a computationally feasible
technique that is capable of determining an optimal set of
locations and the minimal number of actuators and sensors.

In general, there will be many more candidate locations
(perhaps an order of magnitude more) than the number of
actuators and sensors actually available. If the number of
actuators and sensors is known a priori, all possible combina-
tions could be evaluated, and in principle, the global optimum
could then be found. Unfortunately, the number of possible
combinations increases factorially, and therefore an exhaus-
tive search for a global optimal is usually computationally
infeasible, while nonlinear programming based techniques
typically produce local minimums.

In the past, various definitions of the degree of controllabil-
ity and observability have been used in guiding the search for
optimal actuator and sensor locations. Among these, the de-
gree of controllability defined by scalar measures of recovery
regions appears useful for the purpose of actuator and sensor
placement.!-* A second approach* uses the projection magni-
tudes of eigenvectors into the input and output matrices to
define gross measures of modal controllability and observabil-
ity. However, only little attention is given to the development
of a systematic search strategy for actually solving for an
optimal set of actuators and sensors, and most attention has
been directed toward defining what constitutes most suitable
actuator and sensor locations.

In this paper, the problem of defining and obtaining the
optimal actuator and sensor locations is addressed. A method
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that is based on the controllability and observability of an
actuator/sensor pair is introduced. An outline of the present
paper follows. First, the model of actuator and sensor loca-
tions for a linear, second-order dynamical system is presented.
The basic assumption is that we are given a set of significant
modes whose control is desired via feedback. In the next
section, controllable, observable, and their intersection sub-
spaces are presented, which forms the basis of the method
presented in the sequel. The following section presents the
main results of this paper. A cost function that is based on the
weighted projection of structural modes into the intersection
subspace of the controllable and observable subspaces is intro-
duced, and a simple interpretation in terms of balanced coor-
dinates is given. A novel method for selecting optimal sensor
and actuator locations based on the preceding cost function is
outlined. The weighted projections of the structural modes
can be viewed as a scalar field in three-dimensional design
space wherein a designer can easily select a set of actuators and
sensors based on his or her own criteria without resorting to
elahorate nonlinear programming strategies. The method also
allows for the comparison of many actuator and sensor candi-
date locations since the computational effort depends only on
the product of the nuymber of actuator and sensor location
candidates rather than combinatorially based search strategies
whose computational effort is in the order of factorials. In the
next section, the method of finding optimal locations is ap-
plied to an existing laboratory structure to demonstrate the
algorithm. Finally, a few concluding remarks are given.

Actuator/Sensor Location Model
Consider the second order system

ME@) + QD) + KE(t) = Eu(D) 0))

with the translational/rotational displacement and/or velocity
and/or acceleration measurements
Ya=Fu8();  y,=FE0);  y,=F40) )
In the preceding equations, ¢ denotes a huge finite element
displacement vector (say 4000 degrees of freedom), and E'is a
matrix whose columns are formed from columns of identity
matrix. The nonzero element for each column corresponds to the
physical locations of all actuators. Each element of « denotes a
physical actuator whose DOF location is defined by the loca-
tion of the nonzero entry in the corresponding column in E.
For a large set of possible actuator locations (e.g., n, =
300), the dimension of matrix E is 4000 x 300. F,, F,, and F,
are matrices of zeros and ones whose rows represent the phys-
ical locations of all displacement, velocity, and acceleration
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sensors. Similarly the sensor DOF locations are defined by the
location of the nonzero entry in the corresponding rows of F,
F,, and F,. For a large set of possible sensor locations for each
kind (say 200), the dimensions of matrices F,, F,, and F, are
200 x 4000 (thus ng, = 200 + 200 + 200).

In modal form, the preceding equations can be written as

(1) + diag(2fw)n(t) + ‘diag(wz)n(l) =Y¥Y7Eu(t) 3)
F,¥ 0
ya ﬁd = (1) F,¥ {’70)2
o) | —EV diaged) —F,¥ diagQiw) | O
0
+ 0 u(t) )
FYVTE
where

E(0) = ¥n(0) 5)

¥ denotes the structural mode shape vector corresponding to
all n,,, ‘‘significant’’ modes that are assumed to be known (for
example, n,, = 20 modes and so the dimension of matrix ¥ is
4000 x 20). The significant modes are defined to be a subset of
structural modes that are determined to be important in terms
of their degree of participation in a dynamic environment,
through an analysis independent of the sensors and actuators.
As an example, a set of significant modes could be deduced
from a combination of 1) modes that significantly influence a
line-of-sight motion® and 2) modes that are in the bandwidth
of a known disturbance.
By defining the modal state vector

s (1)
the preceding reduced system is written in the state space form
X(t) = Ax(t) + Bu(t) (7a)
y{()=Cx() + Du(¢) (7b)

where
42 { - dia(l)g(wz) - dia;(zm)] > Bs [‘1/215] (82)

F, ¥ 0
0 Y
—F,¥ diag(w?) —F,¥ diag2{w)

O
>

0
D& 0 (8b)
F,Y¥E

whose eigenvalue/eigenvector equations are written as

A¢k:)\k¢k; "¢k"=11 k=l,...,2nm (9)
The basic assumption made is that a set of n,, significant
modes is known through an a priori analysis. The problem
then amounts to selecting the most suitable sets of actuators
and sensors for these significant modes. For the sake of dis-
cussion, a set of actuator and sensor locations is deemed most
suitable if it is capable of simultaneously controlling and

observing all significant modes to a high degree.
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Controllable, Observable, and Intersection Subspaces
For the system given by Eq. (7), the general state transition
solution is

o

3l
e =DBy (1) dr (10)

Jla

X(tl) = eAln- ’”)xo +

and, for zero initial conditions, the modal states reachable by
the input u(7), 7€ 4, #;] are spanned by the range space of the
controllability grammian matrix®

o
N

Wc(to, tl) — eA(h - T)BBTeAT(n -7) dr (1 1)

Jlo

Assuming that the reduced order system is asymptotically
stable (true for all vibrating flexible structures), its equilibrium
solution

Hm We(t,, 1) &2 We, = S e4"BBTe " dr (12)
0

f—oo
can be computed from the Lyapunov equation
AWE + WEAT= —BBT (13)

Hence, for the ith actuator, u;(7), 7€ [£,, o], the states that
can be reached are given by the range space of the ith steady
state controllability grammian matrix, which is written as the
eigen decomposition

| Ut
s, = 1Uf U,-“][ OHU,M} (14)

where W¢, satisfies
AW + WoAT= —BB/ (15)

¥ = diag(oy, . . ., 04 G1Z 0= - a,>0  (16)
The scalar ¢gf denotes the dimension of the controllable sub-
space for the /th actuator location and B; denotes the ith
column of matrix B. In practice, some engineering judgment is
necessary in order to define the threshold of controllability,
and hence the dimension of the subspace, since the singular
values typically vary gradually, down to machine epsilon (for
example see Tables 1a and 1b). The columns of the Uf matrix
form an orthogonal basis for the range space of W¢,, and the
singular values indicate the degree of importance of the corre-
sponding column subspace in W, .

Similarly, for the jth output, y;(7), 7€ [#, £}, the states that
can be observed lie in the range space of the observability
grammian matrix given by

f
VVjo(t(), tl) = S eATn - T)CjTCjeA(” -Ddr (17)
o
Its equilibrium solution takes the form

lim I/Vjp(lo, [1) A Wg,j = ! eATTCjTCjeAT dr (18)
0

t—oe
where W;Z,j satisfies
A TWo'i,j + WO’Z,IA = - C/-TCj 19)

C; denotes the jth row of matrix C. For the jth sensor, y;(7),
7€ [£y, o], the subspace of states that can be observed is given
by the range space of the jth steady state observability gram-
mian matrix, which is written as the eigen decomposition

r usT
we, = U7 U,-“][ ' O] [UJ;”] (20)
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Table 1a Normalized singular values of controilability
grammian matrix for each input 1,2,7

Input no.

1 2 7
0.1000E + 01 0.1000E + 01 0.1000E + 01
0.9853E + 00 0.3448E + 00 0.5239E + 00
0.5903E + 00 0.8094E — 01 0.7136E — 01
0.5790E + 00 0.5907E — 01 0.6948E - 01
0.1056E + 00 0.4803E — 01 0.3624E — 01
0.4277E — 01 0.3667E — 01 0.2110E — 01
0.3317E — 01 0.2565E - 01 0.1366E — 01
0.2942F — 01 0.1494F — 01 0.3513E — 02
0.7134E — 02 0.3631E — 02 0.2983E — 02
0.1507E — 02 0.2486E — 02 0.2886E — 02
0.9347E — 03 0.1518E — 02 0.2459E — 02
0.2992F — 03 0.1008E — 02 0.7540F — 03
0.2051E — 03 0.7576E — 03 0.6321E — 03
0.1553E — 03 0.5515E — 03 0.6313E — 03
0.1373E — 03 0.2146E — 03 0.6086E — 03
0.1231E — 03 0.1863E — 03 0.5001E — 03
0.1154E — 03 0.1734E ~ 03 0.4521E — 03
0.1077E — 03 0.9249E — 04 0.2185E — 03
0.1013E — 03 0.6353E — 04 0.1715E — 03
0.6001E — 04 0.4819E — 04 0.5505E — 04
0.4424F — 04 0.3229E — 04 0.3365E — 04
0.2884F — 04 0.2781E — 04 0.1698E — 04
0.2512F — 04 0.1285E — 04 0.1054E — 04
0.1431E — 04 0.1264E — 04 0.6370E — 05
0.1898E — 05 0.9339E — 05 0.4990F — 05
0.1126E — 05 0.6623E — 05 0.4227E — 05
0.8987E — 06 0.5328E — 05 0.3293E — 05
0.5787E — 06 0.3217E — 05 0.1340E — 05
0.3702E — 06 0.3130E — 05 0.1207E — 05
0.3584E — 06 0.1470E — 05 0.3766E — 06
0.2356E — 06 0.9569E — 06 0.2760F — 06
0.1415E — 06 0.8318E — 06 0.2189E — 06
0.1228F — 06 0.7272E - 06 0.2036F — 06
0.8782E — 07 0.4899E — 06 0.1099E — 06
0.4218E — 07 0.4298F — 06 0.8297E — 07
0.2932E — 07 0.1845E — 06 0.5139E — 07
0.2827E — 07 0.1108E — 06 0.4414E — 07
0.1924E — 07 0.8101E ~ 07 0.3036E — 07
0.1438E — 07 0.7853E — 07 0.2031E — 07
0.1170E — 07 0.4906F — 07 0.7447E — 08
0.1007E — 07 0.2849E — 07 0.4374E — 08
0.1499E — 09 0.3385E — 08 0.7188E — 10

where
L = diag(oy, . .., ogp); GZ 0z e 0,>0 (21)

The scalar g denotes the dimension of the observable sub-
space for the jth sensor location. The columns of the Uy
matrix form an orthogonal basis for the range space of W2 ,
and the singular values indicate the degree of importance of
the corresponding column subspace in Wo‘f,j.

The subspace of states that can be both observed and con-
trolled by the /th actuator and the jth sensor is given by the
intersection subspace

Sy 2 R(US N R(UY) @2)

where R () denotes the range space. Note that any state vector
that is unobservable and/or uncontrollable does not lie in the
aforementioned intersection subspace. For the ith actuator
and jth sensor pair, the intersection subspace dimension and a
corresponding orthogonal basis can be computed via singular
value decomposition as follows”: let

D, & UPTUS @3)
Then, the dimension of the ijth intersection subspace dj; is

given by the number of singular values of the matrix D;; that
takes the value of unity, so that

£, zr
D; =[Y; Y,-,-*l[ ! z’] [zif] 4

i if
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Table 1b Normalized singular values of observability
grammian matrix for each output 4,5,6

Output no.

4 5 6
0.1000F + 01 0.1000E + 01 0.1000F + 01
0.8677E + 00 0.1462E + 00 0.3542F + 00
0.7133F - 01 0.1084F + 00 0.2370E + 00
0.6892F - 01 0.4975E — 01 0.1730E + 00
0.5588FE — 01 0.2165E — 01 0.3292F —- 01
0.2899F — 01 0.1530E — 01 0.1586E — 01
0.1636F — 01 0.1378E — 01 0.1327E — 01
0.1132F - 01 0.6742E — 02 0.1104E - 01
0.6029E — 02 0.4106E — 02 0.8340F — 02
0.3072E — 02 0.3585E — 02 0.3370E — 02
0.5332F — 03 0.1220E — 02 0.1921E — 02
0.4803F — 03 0.9280F — 03 0.1752EF — 02
0.4669F — 03 0.4043E — 03 0.1681EF — 02
0.3516E — 02 0.1238E — 03 0.4964E — 03
0.2098E — 03 0.1182E — 03 0.2942F — 03
0.1820F£ — 03 0.6845E — 04 0.2911E - 03
0.1566E — 03 0.3724E — 04 0.2877E — 03
0.4224F — 04 0.2944F — 04 0.2526E — 03
0.3340F — 04 0.1822E — 04 0.1692F — 03
0.2733E — 04 0.1096E — 04 0.1410EF — 03
0.2636F — 04 0.8060E — 05 0.9399E — 04
0.2605F — 04 0.7616E — 05 0.5520F - 04
0.1394F — 04 0.6682F — 05 0.2950E — 04
0.1290F — 04 0.5956E — 05 0.2902E — 04
0.1036F — 04 0.5929F — 05 0.2637E — 04
0.8530F — 05 0.4014E — 05 0.1557E — 04
0.8427E - 05 0.3120F — 05 0.1179E — 04
0.7920F - 05 0.1840F — 05 0.7420E — 05
0.1828F — 05 0.1794E — 05 0.6447E — 05
0.9672F — 06 0.1709E — 05 0.5087E — 05
0.7293F — 06 0.7223E — 06 0.4467E — 05
0.7219E — 06 0.3722E — 06 0.1998E — 05
0.5327E — 06 0.3101E — 06 0.1234F — 05
0.4922F — 07 0.9708E — 07 0.4898E — 06
0.4723E - 08 0.8749F — 07 0.9626E — 07
0.2878E — 08 0.2098E — 07 0.7635E — 07
0.1679E — 09 0.5441F — 08 0.3664E — 07
0.1119E - 09 0.3196E — 08 0.2504F — 07
0.9862E — 10 0.1803E — 09 0.3534E — 08
0.6606F — 10 0.7882E — 11 0.1224F — 08
0.1521F - 12 0.4656F — 11 0.3393F - 11
0.7963E — 13 0.3114F — 11 0.1776E — 11

where
Eij = diag(cosb, . . ., costy) = Iy,
E,j = diag(cosedv s e COSOG ) cosf; <1
(25)
l=d,~j+l,...,d,'j

gy & min(gf, g;)

and Idij denotes an identity matrix of dimension d;. An or-
thogonal basis for the ijth intersection subspace S is given by

S; = UPY; (26)

In practice, the diagonal elements of L; will not be exactly 1
due to limitations in the accuracy of the numerical computa-
tions, and the cosine of the principal angles, 6, ..., Odrj’
which are measures of the distance between two subspaces,
may not be exactly unity. Therefore, a value (1 — ¢) must be
used to define an intersection threshold.

Optimal Actuator and Sensor Locations
In the preceding section, the dimensions of the intersection
subspaces could be computed for all candidate locations to
arrive at diifori =1,..., na, J = 1, . . ., Nyen. Note that the
dimension of the intersection subspace is bounded by

O0=sd; <gy 27
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with ¢f < n,, and g/ =< n,,. It can be observed that the larger
the value of dj;, the more suitable is the /jth actuator/sensor
pair location; i.e., the subspace of states that can be simulta-
neously observed and controlled is larger. Hence, one may
decide to choose actuator and sensor location pairs corre-
sponding to the largest value of dj; in a descending order. A
potential pitfall of the above strategy is that the dimension of
the intersection subspace may not necessarily indicate the
number (or degree) of modes contained in the intersection
subspace. Hence, the dimension d; may not be a reliable
indicator of the number (or degree) of simultaneously control-
lable and observable modes. Therefore, we next investigate the
breakdown of the intersection subspace in terms of the modal
components by using orthogonal projections.

For the ijth intersection subspace, the orthogonal projec-
tion of kth mode, ¢, onto §; is

o = ;S bk (28)

A geometrical interpretation of the projection in an intersec-
tion subspace is shown in Fig. 1. It should be emphasized that
the approach introduced herein uses a single projection into an
intersection subspace as compared with a strategy based on
independent projections into controllability and observability
subspaces. Note that two independent projections will result in
two different projection components, and hence combined
indices based on the weighted sum (or products) of the projec-
tion magnitudes may lead to physically meaningless indices.

Although the projected eigenvector state ¢ is both control-
lable and observable, its degree of controllability and observ-
ability is yet undetermined. To reflect this degree, the control-
lability and observability grammians are used in a combined
index such that

et & (arws o) (w0 @)

Geometrically speaking, observe from Fig. 1 that the preced-
ing combined index takes the largest possible value if 1) the
eigenvector ¢ is completely (or almost completely) contained
in the intersection subspace S; and 2) the projected eigenvec-
tor ¢¥ (if the eigenvector is not completely contained in S;) is
parallel (or nearly parallel) to both the directions of maximum
controllability #{, and maximum observability 4. The con-
trollability and observability grammians are used to weight the
orthogonal projections of all #n,, significant modes into all
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combinations of actuator and sensor candidate locations, so
that we obtain

ol k=1,...,n,; i=1,..., 0

J=1 0, A (30)

The problem reduces to choosing for each mode k& a pair of
locations that gives a maximum value of «f. Considering a
total of n,, modes, this strategy provides a set of 7, actuator
locations and 7, sensor locations that are globally optimal
where

fla = min(nm, nact) (313)
Ay < min(n,, M) (31b)

Note that as many as u,, actuators and sensors may be neces-
sary. A brief summary of the computational procedure fol-
lows:

Step 1: Fori=1,..., iy
Step 1.1: Compute Wg, From Eq. (15)
Step 1.2: Compute Uf from Eq. (14)
Step 1.3:  Store Uf, Wg,
Next i
Step2: Forj=1,..., Heq
Step 2.1: Compute Wéi,/, from Eq. (19)
Step 2.2:  Compute U7 from Eq. (20)
Step 2.3: Fori=1,..., Hay
Step 2.3.1: Compute D;; from Eq. (23)
Step 2.3.2: Compute Y; and dj from Eq. (24)

Step 2.3.3: Compute off; k=1,...,n, from
Eq. (29)
Next
Next j
Step 3:  Find max (cf); k=1,...,n,

if
In the search for the maximum projection pair (i,j) for
mode k in step 3, there may be several pairs of (i,j) that give
the maximum or near-maximum values for the eigenvector
projection magnitudes. For mode &, let I'* denote the set of
pairs that are maximum or near-maximum and define a resid-
ual projection R{ for each pair (i,j)eT¥,

nm

R Y, of 32)

Sij = Uf(\U}’

Fig. 1 Weighted projection on intersection subspace.
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Fig. 2 Finite element model of CSI structure.

|

Mode 1 Mode 2

w=10115 Hz w=0122 Hz

X-Translation Y-Translation

Mode 3 Mode 7

w=0207 Hz flw=1.60 2z

Z-Axis Rotation XY-Plane Bending

| .

Mode 8 Mode 16
w=187T H: w==0684 H:
XZ-Plane Bending i Tower Mode

A"
Tt

Fig. 3 Six structural mode shapes.

For this multiple or near-multiple case, a strategy based on
selecting the (i,j) pair within the set T* having the largest
residual projection is proposed; i.e.,

max R} (33)

I

N
H
Ao

Thrusters (Actuators 1 - 16)
Accelerometers (Sensors 1 - 16)

Angular Rate Sensors
(Sensors 17 - 24)

Fig. 4 Actuator and sensor locations.

The rationale for the preceding strategy is that the selection of
the pair having a larger residual projection corresponds to
more versatile pairs. This criterion obviously encourages a net
smaller set of actuator and sensor pairs. Note that the search
for the optimal location is based on the three-dimensional
design space defined by of, i=1,..., 0, j=1,..., Hen,
k=1,...,n,.

The combined index given in Eq. (29) simplifies consider-
ably in a particularly significant set of coordinates. It is well
known® that for a completely observable and controllable
system, a particular similarity transformation can be used to
transform to balanced coordinates for each (i,j) pair. In bal-
anced coordinates, the grammians are equal and diagonal;
ie.,

Ws, = W, = £, = diag, - - - » Gn,) (34
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where 6, = 4, = §,,, >0, and the tilde denotes balanced coordi-
nates. The corresponding controllable/observable orthogonal
basis simplifies to [cf. Egs. (23) and (26)]

Dij = S~ij = Inm X 1, (35)

and the orthogonal projection of the kth mode in 5,»,- is f[cf.
Eqgs. (28)]

& =Py ox (36)

where Py denotes the similarity transformation matrix corre-
sponding to the (i,j)th balanced coordinates. Finally, the com-
bined index of Eq. (29) simplifies to

of & (B Lydl WS Eydl) = 161 1E, G7

The above combined index is equivalent to a norm of the kth
eigenvector in (/,j)th balanced coordinates weighted by the
second-order modes,® which captures the input-output proper-
ties of the (i,j)th system. Physically, the balanced coordinate
transformation decomposes the eigenvector in terms of
equally controllable and observable states and then weights
the balanced states according to their degrees of controllability
and observability. Note that the combined index in Eq. (29) is
not restricted to minimal systems.

Application to Controls-Structure Interaction
Laboratory Structure

To illustrate the application of the algorithm, let us consider
the problem of placing actuators and sensors on the controls-
structure interaction (CSI) testbed structure at NASA Langley
Research Center® (see Fig. 2). The control design model con-
sists of 21 significant structural modes whose maximal con-
trollability and observability are desired for the purpose of
active vibration suppression. Figure 3 shows a subset of six
mode shapes. Among the modes shown, the first three are
pendulum modes, the next two are modes 7 and 8 correspond-
ing to the first truss beam bending mode in the XY and XZ
planes, respectively, and the last mode shown is a tower mode.
The remaining modes (not shown) include very complex mode
shapes due to the coupling of multiaxis bending and twisting
of substructures such as the antenna dish, main bus, tower

beam, and suspension cables. Sixteen candidate locations for
thrust actuators are considered along with 16 accelerometers
and 8 angular rate sensors as shown in Fig. 4. It should be
mentioned that the first 16 actuators and sensors are not per-
fectly collocated as they appear in Fig. 4 and are in fact offset
by one half of a bay, which is of dimension 10 X 10 X 10 in.

Tables 1a and 1b show the normalized singular values of the
controllability and observability grammians (in descending
order) corresponding to a typical single actuator and sensor
respectively. The numerical values indicate the degree of con-
trollability and observability. While it is true that the above
grammian matrices are not exactly singular, hence strictly
speaking fully controllable and observable, their degrees of
controllability and observability vary widely from 8 (actuator
2) to 13 (sensor 4) orders of magnitude. Physically, this means
that for actuator 2 a hundred million times more control effort
may be required to produce the same control effect as the most
controllable mode; i.e., the mode is practically uncontrollable.
Notice also from the tables that the degree of controllability
and observability varies gradually in most cases. Figures 5a
and 5b show the typical singular values of the controllability
and observability grammians (in descending order) corre-
sponding to two sets of eight actuators and eight sensors. Case
1 is the result of a heuristically based actuator and sensor
location analysis while case 2 is the result of applying the
optimal actuator and sensor location algorithm. The actuator
and sensor locations for both figures are

Case 1:
Inputs 1 2 3 4 5 6 7 8§
Outputs {1 2 3 4 5 6 7 8]
Case 2:
Inputs {1 2 4 7 8 13 15 16]

Outputs [I 2 4 7 8 13 15 16]

Notice that case 2 generally produced larger singular values,

which indicates improved controllability and observability.
To give an idea of computational requirements to solve the

preceding problem, consider the problem of placing exactly 8

Table 2 Dimension dj; of intersection subspaces®

Actuator no.

Sensor
no. 1 2 3 4 5 6 7 8 9 10 1 12 13 14 15 16
1 34 34 33 35 25 32 32 34 31 32 35 33 34 35 34 135
2 35 35 30 36 28 33 35 35 32 33 32 34 35 36 35 36
3 33 33 32 34 24 31 31 33 30 31 34 32 33 34 33 34
4 33 33 28 34 27 31 33 33 30 31 30 32 33 34 33 34
5 35 35 30 36 28 33 35 33 30 33 32 34 35 36 35 36
6 37 37 34 38 28 35 35 37 34 35 36 36 37 38 37 38
7 35 35 30 36 28 33 35 33 30 33 32 34 35 36 35 36
8 34 34 33 35 25 32 32 34 31 32 35 33 34 35 34 35
9 33 33 32 34 24 31 31 33 30 31 34 32 33 34 33 34
10 35 35 30 36 28 33 35 35 32 33 32 34 35 36 35 36
11 34 34 33 35 25 32 32 34 31 32 35 33 '3 35 34 35
12 35 35 30 36 28 33 35 35 32 33 32 34 35 36 35 36
13 37 37 33 38 30 35 35 35 32 35 35 36 37 38 37 38
14 37 37 32 38 28 35 37 37 34 35 34 36 37 38 37 38
15 38 38 33 39 31 36 36 36 33 36 35 37 38 39 38 39
16 39 39 34 40 30 37 37 39 36 37 36 38 39 40 39 40
17 39 39 34 40 30 37 37 39 36 37 36 38 39 40 39 40
18 38 38 33 39 31 36 37 36 33 36 35 37 38 39 38 39
19 37 37 34 38 28 35 35 37 34 35 36 36 37 38 37 138
20 38 38 33 39 .29 3 36 38 35 36 35 37 38 39 38 39
21 40 40 35 41 32 38 38 38 35 38 37 39 40 41 40 41
22 37 37 34 38 28 35 35 37 34 35 36 36 37 38 37 38
23 39 39 34 40 30 37 37 39 36 37 36 38 39 40 39 40
24 34 34 29 35 28 32 32 34 31 32 31 33 34 35 34 35
A min Omax = 1074
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Table 3 Optimal locations for sensors and actuators?
Mode Actuator Sensor . No. of
no. no. no. of maximums Residual
1 7 7 0.5311F + 04 16 0.1029E + 07
2 11 11 0.6903F + 04 2 0.2211E + 05
3 1 1 0.3521E + 05 1 0.3309E + 06
4 16 16 0.2203E + 05 1 0.3611FE + 06
5 2 2 0.1140F + 06 1 0.1970E + 06
6 8 8 0.3678E + 06 1 0.6271E + 06
7 1 1 0.4821E + 05 1 0.3179E + 06
8 2 2 0.1033E + 06 i 0.2077E + 06
9 16 16 0.1902FE + 06 1 0.1929E + 06
10 16 16 0.5776E + 05 1 0.3253E + 06
11 2 2 0.5094E + 04 1 0.3059E + 06
12 15 15 0.1152E + 06 1 0.2947E + 06
13 2 2 0.3769E + 05 1 0.2733E + 06
14 8 8 0.5833E + 06 1 0.4117E + 06
15 15 15 0.1798E + 06 1 0.2301E + 06
16 7 7 0.7095E + 06 i 0.3252F + 06
17 8 8 0.8682E + 04 1 0.9863E + 06
18 7 7 0.2064E + 06 1 0.8283E + 06
19 4 5 0.9602F + 04 1 0.1014E + 05
20 13 13 0.1741E + 06 1 0.4299E + 06
21 13 13 0.3610F + 06 1 0.2430E + 06
&y = 0.01, 0,0/ Omae = 1074
Table 4 Versatility vs effectiveness®
Actuator/sensor no., &
Mode no. 0.999 0.990 0.900 0.500 0.100 0.010 107°
1 7 7 7 7 7 7 7
2 8 8 8 1 11 11 11
3 8 8 i 1 1 1 1
4 14 14 16 16 16 16 16
5 7 14 14 2 2 2 2
6 8 8 8 8 8 8 8
7 8 8 8 16 1 1 1
8 7 7 7 7/2 2 2 2
9 8 8 14 16 16 16 16
10 i4 16 16 16 16 16 16
11 7 7 2 2 2 2 2
12 8 8 13 15 15 15 15
13 7 7 7/2 2 2 2 2
14 14 14 14 8 8 8 8
15 8 8 7 15 15 15 15
16 13 16 7 7 7 7 7
17 7 8 8 8 8 8 8
18 7 7 7 7 7 7 7
19 7 7 7 4 4 4/5 4/5
20 8 8 13 13 13 13 13
21 8 13 13 13 13 13 13
Total no.
of actuators 4 5 7 8 9 9 9
Sensors 4 5 7 8 9 9 9
G min/ Omay = 1074

min

sensors on 24 candidate locations. To compute the grammian
matrices corresponding to all possible combinations, we require

24!

(24 - 8)181
solutions of a 42-order symmetric Lyapunov equation. Since a
single symmetric Lyapunov equation requires® approximately
5n3 =5 x 423 = 370,440 multiplications, a 100 MFlop super-
computer would need about 45 min of CPU time. If the
problem size doubles to 48 candidate sensor locations, then
48!
A L
@8 — 918! 377,348,994
combinations are possible, which translates to about 16 days
of CPU time. On the other hand, the approach proposed in

C(24,8) = 735,471

C(48,8) =

this paper requires 48 X 16 = 768 sclutions of symmetric Lya-
punov equations, which requires only about 2.8 s CPU time.
The fact is that the computational effort necessary in an
exhaustive search for a global optimum may be overwhelming,
even for a modestly sized problem, because the computational
effort grows factorially whereas the effort required by the pro-
posed approach grows /inearly with the size of the problem.
Table 2 shows the dimension of intersection subspaces due
to 24 sensor and 16 actuator candidates. It can be seen that out
of a possible intersection space dimension of 42, the dimen-
sions range from 24 to 41. A threshold singular value of the
grammian matrices used to define controliability and observ-
ability subspaces for Table 2 is 10~ with a maximum singular
value of 1. More tolerable threshold singular values will pro-
duce larger dimensioned intersection subspaces. Note that the
sensor/actuator pairs corresponding to the larger dimensions
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can be selected by inspection. Although larger row sums (or
column sums) generally indicate more effective sensors and
actuators, as noted earlier, this dimension in state space may
not indicate the number and degree of modes contained in the
intersection subspace and hence may not be a reliable indicator.

Table 3 lists the optimal locations for sensors and actuators.
A total of nine actuators and sensors is recommended. From
the mode shapes shown in Fig. 3, it can be seen that the
actuator/sensor pair selected for each mode is intuitively cor-
rect. For example, for mode 3, which is a yawing pendulum
motion, the actuator 1 and sensor 1 pair is selected. Notice
that actuator 1 has the largest moment arm to generate yawing
motion as compared with actuators 3, 6, 8,9, 11, 13, or 15. It
is interesting to note from Table 3 that the optimal sensor and
actuator location pair for each mode (except mode 19) is a
collocated configuration. This indicates the dual nature of the
controllability and observability problems. Obviously this re-
sult is possible only if the candidate locations allowed for the
sensors and actuators are similar. For sensors, only acceler-
ometers are selected over angular rate sensors. This is not
unexpected because acceleration signals are larger than angu-
lar rate signals for this particular vibrating structure.

Table 4 shows the effect of varying the threshold used for
defining near-maximums so that the set T'* can be identified.
Notice that for the case with only four actuators and sensors,
the actuators and sensors, consisting of 7, 8, and 14, form an
orthogonal set that appears intuitively correct for the control
and detection of multiaxis motion (21 significant structural
modes). In this study, the threshold & is defined such that a
pair (i,j)e % if

(ap — o)/ < Gy (38)
where

oy A max of (39)
i

More tolerable threshold values (larger &;) produce a larger
number of near-maximums, and this encourages the selection
of more versatile actuator and sensor pairs. This results in a
net smaller set of actuators and sensors. The preceding
parameter may therefore be used for studying the problem of
optimal locations as well as the problem of selecting the num-
ber of actuators and sensors.

Concluding Remarks

A novel method of selecting actuator and sensor locations
that are optimal, based on the combined degree of control-
lability and observability of each structural mode, has been
developed. The selection is based on the effectiveness (con-
trollability and observability of a particular mode) and ver-
satility (controllability and observability of all modes) of pairs
of actuators and sensors. The method introduced herein is not
based on nonlinear programming nor does it require an a
priori specification of the number of actuators and sensors. A
new parameter that may physically be interpreted as an indica-
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tor of the degree of versatility/effectiveness is introduced for
studying the problem of the selection of the number of actua-
tors and sensors as well as the problem of optimal locations.
The method has been demonstrated on the model of an exist-
ing laboratory structure. _

In applying this method to a design problem it is recom-
mended that the design begin with a small set of candidate
locations that are probably heuristically based. If application
of this method produces a subset of these actuator and sensor
locations that allows sufficient controllability and observabil-
ity of all significant modes, then the design problem is solved.
Otherwise, additional locations can be added to the candidate
set, and the new computations associated only with the added
locations can be made to determine and evaluate a new set of
optimal locations.

It should be noted that typically a set of closed loop perfor-
mance (vibration suppression, command tracking, distur-
bance rejection, stability robustness, etc.) is the ultimate ob-
jective of the optimal locations of actuators and sensors.
Consequently, the precise benefit of a location strategy based
on any open loop analysis may vary depending on the specific
control objective and the control law under consideration.
However, the physical implications of a measure of the degree
of controllability and observability are an appropriate indica-
tor of the suitability of a plant to any type of feedback
control.
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